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• Monday (lecture 1). Some high-level motivations, basic algorithmic self-
assembly models (definitions) and very recent results on implementing 
algorithmic DNA nanotube circuits, a self-assembly model, in the wet-lab 

• Tuesday (lecture 2): DNA sequence design and results on the DNA nanotube 
circuit model 

• Wednesday (lecture 3). Complexity theory for self assembly.  

• Theorem: The (cooperative, temperature >= 2) abstract tile assembly 
model is intrinsic universal 

• Thursday (lecture 4). Complexity theory for self assembly.  

• Theorem: The noncooperative (temperature 1) abstract tile assembly 
model does not simulate the cooperative model 

Structure

2



Damien Woods

Abstract tile assembly model

3

• Square tiles  
• finite set of tile types, unlimited supply of each type, non-rotatable 

• Each side has a glue (colour) and strength (0,1,2,3,…) 
• System has a temperature (e.g. 2) 

• Simple local binding rule: A tile sticks to an assembly if 
enough of its glues match so that the sum of the strengths 
of the matching glues is at least the temperature

• Tile assembly system:  
tile set, seed tile, temperature

seed

temp=2

strength 2

strength 1
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• Finite set of square tiles, each side has a glue and strength  
• Tile assembly system: (tile set, seed tile, temperature ∈ {1,2,3,…}) 
• Growth begins from the seed tile/assembly 
• A tile sticks to an assembly if enough of its glues match so that the sum 

of the strengths of the matching glues is at least the temperature
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• Tile assembly system: (tile set, seed tile, temperature ∈ {1,2,3,…}) 
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• A tile sticks to an assembly if enough of its glues match so that the sum 

of the strengths of the matching glues is at least the temperature
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Order of tile placement is nondeterminisitc 
(asynchronous growth). 

More than one tile type can go at a given position 

• Finite set of square tiles, each side has a glue and strength  
• Tile assembly system: (tile set, seed tile, temperature ∈ {1,2,3,…}) 
• Growth begins from the seed tile/assembly 
• A tile sticks to an assembly if enough of its glues match so that the sum 

of the strengths of the matching glues is at least the temperature
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• Finite set of square tiles, each side has a glue and strength  
• Tile assembly system: (tile set, seed tile, temperature ∈ {1,2,3,…}) 
• Growth begins from the seed tile/assembly 
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More than one tile type can go at a given position 

• Finite set of square tiles, each side has a glue and strength  
• Tile assembly system: (tile set, seed tile, temperature ∈ {1,2,3,…}) 
• Growth begins from the seed tile/assembly 
• A tile sticks to an assembly if enough of its glues match so that the sum 
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More than one tile type can go at a given position 
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• Growth begins from the seed tile/assembly 
• A tile sticks to an assembly if enough of its glues match so that the sum 

of the strengths of the matching glues is at least the temperature
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• Turing universality 

• Efficient assembly of simple shapes: n x n 
squares using Θ(log n / log log n) tile types 

Computation with tile assembly: theory

6

Winfree, PhD Thesis. 1998

Soloveichik, Winfree. SICOMP 2007 

Rothemund, Winfree. STOC 2000 
Adleman, Cheng, Goel, Huang STOC 2001

Evans. PhD  
Thesis 2014 
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• Efficient assembly of scaled complicated connected shapes using a number of 
tile types roughly equal to the Kolmogorov complexity of the shape



• Helps us understand the abilities and limitations of 
self-assembly 
- Also, its fun! 

• aTAM is Turing universal: can “run” any algorithm 

• Efficiently assemble n x n squares and other 
simple shapes 
- Using only Θ(log n/log log n) tile types 

• Efficiently assemble arbitrary finite shapes  
- Number of tile types is roughly the Kolmogorov 

complexity of the shape 

• aTAM is intrinsically universal: there is one tile set 
that can simulate any tile assembly system 
- Shape complexity can be put into the seed 

• Thinking about these topics leads to a kind of 
“complexity theory” for self-assembly

Theory of algorithmic self-assembly

7

Winfree, PhD Thesis 1998.

Rothemund, Winfree. STOC 2000 

Soloveichik, Winfree. SICOMP 2007 

Doty, Lutz, Patitz, Schweller, Summers, Woods. FOCS 2012
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Fig. 5.1. Forming a shape out of blocks: (a) A coordinated shape S. (b) An assembly composed
of c× c blocks that grow according to transmitted instructions such that the shape of the final assembly
is S̃ (not drawn to scale). Arrows indicate information flow and order of assembly. The seed
block and the circled growth block are schematically expanded in Figure 5.2. (c) The nomenclature
describing the types of block sides.
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Fig. 5.2. Internal structure of a growth block (a) and seed block (b).

the seed block ensures that c is large enough so that there is enough space to do the
necessary computation within the other blocks.

We present a general construction that represents a Turing-universal way of guid-
ing large-scale self-assembly of blocks based on an input program p. In the following
section, we describe the architecture of seed and growth blocks on which arbitrary
programs can be executed. In section 5.3 we describe how program p can be encoded
using few tile types. In section 5.4 we discuss the programming of p that is required
to grow the blocks in the form of a specific shape and bound the scaling factor c. In
section 5.5 we demonstrate that the target assembly A is uniquely produced.

5.2. Architecture of the blocks.

5.2.1. Growth blocks. There are four types of growth blocks depending upon
where the input side is, which will be labeled by ↑, →, ↓, or ←. The internal structure
of a ↑ growth block is schematically illustrated in Figure 5.2(a). The other three types
of growth block are rotated versions of the ↑ block. The specific tile types used for a
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• Many other theoretical questions have been asked 

• What questions would you ask?  

• The goal is to understand the capabilities of these systems! 

• Another goal is to motivate what we should build in the lab! 

• Next slide: Let’s ask a question 

9

Computation with tile assembly: theory
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Is there a set of intrinsically universal tiles: a set 
of aTAM tiles U that can act like any other tile set?

Intrinsic universality
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http://www.youtube.com/watch?v=xP5-iIeKXE8
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• Conway’s Game of Life is an intrinsically universal cellular automaton

Durand, Roka, The game of life: universality revisited. 1999
11
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• What is it that tile assembly systems do? 

• Make shapes and patterns 

• Carry out a crystal-like growth process (dynamics) 

• Let define simulate using these criteria that are intrinsic to the model

Comparing tile assembly models
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Is there a set of intrinsically universal tiles that 
can simulate any tile set?
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• For (any) simulated tile assembly system T 

• T = (tileset T, seed assembly σ, temperature τ) 

• Tile assembly system U simulates T if: 

• Tiles from T are represented by m x m supertiles in U 

• Assemblies produced by U represent exactly assemblies produced by T  
(via a representation function R : Blocks of tiles from U -> tiles from T) 

• Dynamics are equivalent in U and T, ignoring m x m scaling

Simulation

Simulated system

Simulator system

13
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Simulation definition
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Yes!

Theorem: There is a single intrinsically universal 
tile set U that simulates any tile assembly system 

Doty, Lutz,  Patitz, Schweller, Summers, Woods. FOCS 2012 
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seed seed seed seed seed

seed

(a)

(b)

(d)

m x m seed 
assembly

*

* ***

τ=2

*
(c)

T

U

• For (any) simulated tile assembly system T 

• T = (tileset T, seed assembly σ, temperature τ) 

• Tile assembly system U simulates T if: 

• Tiles from T are represented by m x m supertiles in U 

• Assemblies produced by U represent exactly assemblies produced by T  
(via a representation function R : Blocks of tiles from U ⟶ tiles from T) 

• Dynamics are equivalent in U and T, ignoring m x m scaling

Simulation

Simulated system

Simulator system

17
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Superside

glueframe tile lookup table blank probe region tile lookup table frameprobe table glue

4 O(log |T|) O(|T|4 log |T|) O(|T|2) O(|T|2) O(|T|2) O(|T|4 log |T|) 4O(log |T|)

|T| is number of tiles in the simulated tileset T.

Encoding of the 
entire simulated tile 
assembly system 
written down using 

tiles from the 
simulator U
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Preassembled  
seed supertile

a
d

Tiles from the universal tile set U 
are arranged so that they encode 

some simulated tile assembly systemT
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4 O(log |T|) O(|T|4 log |T|) O(|T|2) O(|T|2) O(|T|2) O(|T|4 log |T|) 4O(log |T|)

|T| is number of tiles in the simulated tileset T.

Encoded glue of 
this superside 

(e.g. “a”)

Encoding of the 
entire simulated tile 
assembly system 
written down using 

tiles from the 
simulator U
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Damien Woods

seed supertile

glueframe tile lookup table blank probe region tile lookup table frameprobe table glue

glue frametile lookup tableblankprobe regiontile lookup tableframe probe tableglue

g
lu

e
fr

a
m

e
ti
le

 l
o
o
k
u
p

 t
a
b
le

b
la

n
k

p
ro

b
e
 r

e
g
io

n
ti
le

 l
o

o
k
u

p
 t

a
b

le
fr

a
m

e
p
ro

b
e
 t

a
b

le
g

lu
eg

lu
e

fra
m

e
tile

 lo
o
k
u

p
 ta

b
le

b
la

n
k

p
ro

b
e
 re

g
io

n
tile

 lo
o

k
u

p
 ta

b
le

fra
m

e
p
ro

b
e
 ta

b
le

g
lu

e
21

Preassembled  
seed supertile

a
Seed d

Tiles from the universal tile set U 
are arranged so that they encode 

some simulated tile assembly systemT
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Preassembled  
seed supertile

a
Seed d

Tiles from the universal tile set U 
are arranged so that they encode 

some simulated tile assembly systemT

Growth begins from here!
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One-sided binding with a single strength-τ south superside

22

a
1

Glue “a” is 
encoded here

Glue “a” is 
encoded here

Tile set T is 
encoded here
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1

Glue “a” is 
encoded here

Glue “a” is 
encoded here

Tile set T is 
encoded here
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a
1

Glue “a” is 
encoded here

Glue “a” is 
encoded here

Tile set T is 
encoded here

Goal: place a 
description of  
T and “tile 2” 
around the 4 
super-edges
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Glue “a” is 
encoded here

Glue “a” is 
encoded here

Tile set T is 
encoded here

Goal: place a 
description of  
T and “tile 2” 
around the 4 
super-edges
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Glue “a” is 
encoded here

Glue “a” is 
encoded here

Tile set T is 
encoded here

Goal: place a 
description of  
T and “tile 2” 
around the 4 
super-edges
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“Genome” is 
copied

“Genome” is 
read

crawler encodes 
glue of south 

superside

Glue “a” is 
encoded here

Glue “a” is 
encoded here

Tile set T is 
encoded here

Goal: place a 
description of  
T and “tile 2” 
around the 4 
super-edges
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read

crawler encodes 
glue of south 
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Tile set T is 
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Goal: place a 
description of  
T and “tile 2” 
around the 4 
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superside
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Glue “a” is 
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Tile set T is 
encoded here

Goal: place a 
description of  
T and “tile 2” 
around the 4 
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Goal: place a 
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around the 4 
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random num selection # # # #bin(tile a) bin(tile b) bin(tile e) bin(tile b). #
0 1 2 3 4

address entries0 0 1 0

#

0 1 2 3 4

#1 # 2 # 1 #

address entry counts
address entries

a,sa,0 0,sa,c a,c,0 a,e,0 0,e,0 0,0,0 t

count
down
a to 0

0,0,t0,sa,0

ge
t c

select random e
between 0 and c 

move sa to a and create e = 0

count
down
a to 0

count
down
e to 0

ge
t t switch to

outputting
      t

n-1

1

0

n-1

1

0

n-1

1

0

n-1

1

0

n-1

1

0

n-1

1

0

n-1

1

0

n-1

1

0

n-1

1

0

create t = 0

tile lookup
    table

crawler{
addresses

compute state

t*

n-1

1

0

crawler encodes 
“input” glues

crawler encodes 
“output” tile type

Crawler doing a tile lookup
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Glue “a” is 
encoded here
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• Variety of cases for different orders 
of superside arrival  

• Superside win/lose configurations 
and crawler initiation locations 
(green) 

• Proof analogy:  
• Distributed game 
• Computation & geometry 
• Key challenge: make all the tricks 

work together
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Yes!

Theorem: There is a single intrinsically universal 
tile set U that simulates any tile assembly system 

Doty, Lutz,  Patitz, Schweller, Summers, Woods. FOCS 2012 
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for 1 ! n ! m, such that n ! m ! M, where M is the largest
ribbon size modeled. M was limited by computation time to
100. The included reactions allow growth by monomer addi-
tion, as well as joining and internal scission of ribbons (15). To
approximate the size dependence of the forward rate constant,
we used k f

n,m " kf " 106 M#1!s#1 [typical for oligonucleotide
hybridization (16)] for reactions involving a single tile or
unnucleated assembly and k f

n,m " kj " 35,000 M#1!s#1 for two
ribbons joining, which we measured experimentally (see SI
Appendix S3). Thermodynamics determined the reverse rates:
k r

n,m " k f
n,m exp{#($G°n ! $G°m # $G°n!m)/RT}. An has

standard free energy $G°n " bn $G°se, where bn is the number
of sticky end bonds in An (e.g., b6 " 7 for the top assembly in
Fig. 1d) and $G°se is the free energy of hybridization for a single
sticky end. We estimated or extrapolated these parameters
from measured values. Assuming that the energetics for bind-
ing by multiple sticky ends are additive, we used $G°se "
1
2
($H° # T $S°) where $H° and $S° are the enthalpy and

entropy of a tile attaching to a ribbon by two sticky ends, as
measured experimentally below.

The standard sequence simulations qualitatively reproduced
most of the features of the absorbance traces (see SI Fig. S6),
including the strong dependence of Tf on concentration and the
steeper slope of the annealing curves for higher concentrations.

The model also reproduced the lack of dependence of Tm on
ribbon width but predicted an %3°C difference between Tm
values at the highest and lowest concentrations, as would be
expected from thermodynamics. This difference was not ob-
served in experiments. At each concentration, both simulations
and experiments showed similar Tf values for ZZ4–ZZ6 and a Tf
for ZZ3 that was only slightly higher, even though the model
assumed a different critical nucleus size for each ribbon width.
This finding suggests that Tm # Tf is not a measure of the height
of the nucleation barrier under slight supersaturation. Rather, Tf
in the temperature-ramp experiments is the temperature at
which the nucleation barrier becomes insignificant (i.e., the
solution becomes highly supersaturated).

Theoretical results (12), however, predict that nucleation rates
decrease with ribbon width only under slightly supersaturated
conditions, for which the critical size for nucleation is largest.
Measuring nucleation rates under these conditions is challeng-
ing: Predicted nucleation rates are minuscule and exquisitely
sensitive to both temperature and tile concentration. In two- or
three-dimensional crystal growth, the rate of monomer deple-
tion increases quickly after nucleation because the number of
growth sites on a crystal increases as it grows. In contrast, a
zig-zag ribbon has only two growth sites, regardless of its length,
so the nucleation transition is not sharp. Furthermore, nucle-

d

ba

c

Fig. 2. Tile sets for ZZ3–ZZ6 (a–d Upper) and AFM images of ZZ3–ZZ6 (a–d Lower). Ribbons sometimes rip during sample deposition, leaving ribbon fragments
stuck to the surface. [Scale bars: 500 nm (Left); 25 nm (Right).]

15238 ! www.pnas.org"cgi"doi"10.1073"pnas.0701467104 Schulman and Winfree

dupled (domino)

polyomino
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the two origami carrying them are in a rotated orientation). The top two and bottom two examples 

in Figure II-9f demonstrate this phenomenon.  

 
Figure II-9. Examples of shape sequences and their partial bonds. (a) A 4-patch shape sequence could 

form a 4-patch bond between distinct origami, but because it is fully self-complementary (b) it also allows 

full-strength undesired bonds. (c) Another shape sequence and its complement could form a 4-patch bond, but 

(d) it also allows partially self-complementary 3-patch bonds (3/4 the strength of a full bond). (e) A shape 

sequence and its complement that we used between the A and B origami. (f) Examples of partially self-

complementary (homogeneous) bonds of strength 2 for the sequences in (e). (g) Examples of partial bonds of 

strength 1 between the two distinct origami (heterogeneous) for the sequences in (e). 

Early on in the project we thought we might achieve a large number of specific bonds 

through the use of a long (l=6 or l=9) shape sequences. Fitting these high complexity sequences into 

the relatively small area of an origami necessitated using patches that were just two helices wide. 

These proved too flexible to prevent bent-patch bonds (see the warning on “Length and width of a 

patch in shape design” in the Materials and Methods section) so we decided to use four-helix wide 

patches to implement shape codes. This restricted the length of the shape sequences we could use to 

just four patches; similarly we restricted ourselves to just three depths to avoid long, flexible 

patches. Fortunately, even with these restrictions, the candidate set for the mismatch constrain i=2 

had 16 elements, which we discuss next. 

II.2.2.2.3.1.2. Full list of candidate shape sequences for the (4,3,2) system 

Given the number of patches (p) and number of depths (d), our program searches the entire 
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Figure II-8. Recognition based on complementarity of origami edge shapes. (a) Models of four origami: A, 

B, C and D. Orange dots mark positions of dumbbell hairpin labels. (b) Test of self-interactions for each edge 

shape. Subscripts ‘r’ or ‘l’ denote the edge tested. AFM shows common partial self-bonds that result in 

aggregation. (c) Tests of complementary edge shapes. AFM shows correct, full bonds. (d) AFM images of the 

four-origami chain, A-B-C-D. (e) AFM image and schematic representation of a 3-patch bent-patch bond. 

Scale bars, 100 nm. 

II.2.2.2.2. Binding rules 

Again, abstract sequences representing bonds are defined, e.g., the shape sequence on the 

right side of origami A is ‘2201’. Shape sequences are not necessarily unique, e.g., ‘0101’=‘1212’. 

Again, stacking polarity ensures that a shape sequence is not, in general, equal to its reverse; 

stacking polarity further ensures that all sequences except ‘0000’, including palindromes such as 

‘0110’, are uniquely orienting. Complementarity for shape sequences is similar to that for DNA: a 

sequence n1n2n3n4 binds a reverse complement n4n3n2n1¯¯¯¯¯¯¯ where nk¯¯ = (d – nk – 1), e.g., ‘2201’ binds 

‘1200’. All shape-pair bonds with the same number of patches p have the same number of blunt-

end stacks, and so we assume they are roughly isoenergetic. 

II.2.2.2.3. Design 

II.2.2.2.3.1. Search process 

As before, we constructed shape codes by starting with candidate sets of shape pairs with 

minimal self-interaction. Candidate sets were parameterized by p, d, and the same mismatch 

constraint i. E.g., for (p, d, i)=(9, 5, 3), 24,791 possible shape sequences were found. However, we 

(Supplementary Note S2.2.2). Although p2 i¼ 2 for such shape pairs
is smaller than that for the binary sequences used above (p2 i¼ 3),
the absolute energy difference between a correct bond and a strongest
possible partial bond is larger for the shape pairs (8DGst versus 6DGst)
and so we expected the fraction of correct bonds could be higher
(ignoring the degeneracy of partial bonds or off-model interactions,
such as bent-patch bonds). Using the same mismatch constraint of
i¼ 2, we constructed maximal orthogonal sets of shape pairs exhaus-
tively. Maximal sets with four shape pairs were found; we tried a four-
shape-pair set and found that one of its shape pairs created numerous
bent-patch bonds. Other four-shape-pair sets included the offending
shape pair, or similar ones. Thus, the largest orthogonal set achieved
had three shape pairs (Fig. 3a).

Half of each shape pair was tested to measure its propensity for
self-interaction: single origami were synthesized with edge staples
only for the shape tested (Fig. 3b). When annealed from 90 8C to
20 8C without a complementary partner, such origami bind via
predicted two-patch partial bonds and often form extended
zigzags. Simply mixing complementary origami at 20 8C gives
poor results because they remain kinetically trapped in partial
bonds. Full four-patch bonds formed well (Fig. 3c) when comp-
lementary origami were annealed from 90 8C to 50 8C, mixed and
held at 50 8C for 12 hours, and then cooled to 20 8C over six
hours: the fraction of correct bonds was 95% for Arþ lB (N¼
191), 98% for Brþ lC (N¼ 203) and 97% for Crþ lD (N¼ 179)
and the rate of monomer conversion into correct dimers was 91%
for Arþ lB (N¼ 397), 90% for Brþ lC (N¼ 442) and 91% for
Crþ lD (N¼ 384). When all four complete origami were mixed
together and subjected to the same protocol (Fig. 3d), 81% of the
total bonds (N¼ 279) observed were correct bonds and the rate of
monomer conversion into correct four-origami chains was 44%
(N¼ 430). Again, bent-patch bonds not considered in the design
process were a significant source of error (Fig. 3e).

Control of cis–trans isomerism.We next show that stacking bonds
can be used to control complex geometric arrangements of origami
by exploring the multimerization of a 608 corner (Fig. 4). Such a

corner, with straight edges of the same stacking polarity, can self-
associate in two ways (Fig. 4a,f ): in cis via a 1208 rotation or in
trans via a 1808 rotation. With all-cis bonds the corner would
make triangles; with all-trans bonds the corner would make
zigzags. For all-‘1’ edges, a mixture of diastereomers results
(Fig. 4k,p) with a cis:trans ratio that mildly favours cis bonds
(68:32) and a relatively poor full-bond yield (53%, cisþ trans).
The question is, ‘How do we use binary or shape codes to achieve
high yields of a single diastereomer?’

Using an asymmetric sequence ‘11001111’ on one edge and its
reverse ‘11110011’ on the other specifies the creation of only cis
bonds (Fig. 4b,g). Indeed, a high cis:trans ratio of 98:2 and a cis
full-bond yield of 83% were observed. Conversely, use of two
orthogonal palindromic sequences, ‘01111110’ and ‘11100111’,
should create only trans bonds (Fig. 4c,h). A poorer cis:trans ratio
of 10:90 and a lower trans full-bond yield of 48% were observed.

Use of a simple centrosymmetric shape pair should create only
cis bonds (Fig. 4d,i); it results in a very high cis:trans ratio of
≫99:1 (with only a single trans bond among 727 bonds analysed)
and a cis full-bond yield of 79%. For such centrosymmetric shape
pairs, which isomer forms is specified entirely by the stacking
polarity, and so switching from cis to trans isomers requires the
addition of a polarity-reversing seam for one of the edges; here,
the trans bonds involve both a 1808 rotation and an additional
flip (Fig. 4e,j). The shape-coding approach resulted in a better
cis:trans ratio (4:96) than that for the corresponding trans-specify-
ing binary code, but gave a similarly low (48%) trans full-bond yield.

Given that similar binary sequences or identical shapes were used
for both cis- and trans-specifying systems, the performance of trans-
specifying systems was unexpected. We hypothesize that the lower
full-bond yield and poorer cis:trans ratio of trans-specifying
systems, as well as the cis preference for all-‘1’ bonds, are artefacts
of deposition. For triangles to fall apart two bonds must break, so
they may survive the deposition process better than zigzag chains,
which require only one bond break to fall apart. Further, the
absence of long zigzag chains and the observed patterns of
origami in trans-specifying experiments suggest that the origami
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Figure 3 | Recognition based on complementarity of origami edge shapes. a, Models of four origami, A, B, C and D. Orange dots mark positions of dumbbell
hairpin labels. b, Test of self-interactions for each edge shape. Subscripts ‘r’ and ‘l’ denote the edge tested. AFM images show common partial self-bonds
that result in aggregation. c, Tests of complementary edge shapes. AFM images show correct, full bonds. d, AFM images of the four-origami chain, A–B–C–D.
e, AFM image and schematic representation of a three-patch bent-patch bond. Scale bars: 100 nm.
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abstract tile 
assembly model 

hierarchical

model form the lab …   “THIS ONE UNIVERSAL TILE SET”

temperature 2

temperature 1

locally consistent 

…

How to compare these models?

signal-passing

kinetic

dupled & restricted glue 

3D

negative 
glue

RNase

Flexible glue

staged (mixing)

for 1 ! n ! m, such that n ! m ! M, where M is the largest
ribbon size modeled. M was limited by computation time to
100. The included reactions allow growth by monomer addi-
tion, as well as joining and internal scission of ribbons (15). To
approximate the size dependence of the forward rate constant,
we used k f

n,m " kf " 106 M#1!s#1 [typical for oligonucleotide
hybridization (16)] for reactions involving a single tile or
unnucleated assembly and k f

n,m " kj " 35,000 M#1!s#1 for two
ribbons joining, which we measured experimentally (see SI
Appendix S3). Thermodynamics determined the reverse rates:
k r

n,m " k f
n,m exp{#($G°n ! $G°m # $G°n!m)/RT}. An has

standard free energy $G°n " bn $G°se, where bn is the number
of sticky end bonds in An (e.g., b6 " 7 for the top assembly in
Fig. 1d) and $G°se is the free energy of hybridization for a single
sticky end. We estimated or extrapolated these parameters
from measured values. Assuming that the energetics for bind-
ing by multiple sticky ends are additive, we used $G°se "
1
2
($H° # T $S°) where $H° and $S° are the enthalpy and

entropy of a tile attaching to a ribbon by two sticky ends, as
measured experimentally below.

The standard sequence simulations qualitatively reproduced
most of the features of the absorbance traces (see SI Fig. S6),
including the strong dependence of Tf on concentration and the
steeper slope of the annealing curves for higher concentrations.

The model also reproduced the lack of dependence of Tm on
ribbon width but predicted an %3°C difference between Tm
values at the highest and lowest concentrations, as would be
expected from thermodynamics. This difference was not ob-
served in experiments. At each concentration, both simulations
and experiments showed similar Tf values for ZZ4–ZZ6 and a Tf
for ZZ3 that was only slightly higher, even though the model
assumed a different critical nucleus size for each ribbon width.
This finding suggests that Tm # Tf is not a measure of the height
of the nucleation barrier under slight supersaturation. Rather, Tf
in the temperature-ramp experiments is the temperature at
which the nucleation barrier becomes insignificant (i.e., the
solution becomes highly supersaturated).

Theoretical results (12), however, predict that nucleation rates
decrease with ribbon width only under slightly supersaturated
conditions, for which the critical size for nucleation is largest.
Measuring nucleation rates under these conditions is challeng-
ing: Predicted nucleation rates are minuscule and exquisitely
sensitive to both temperature and tile concentration. In two- or
three-dimensional crystal growth, the rate of monomer deple-
tion increases quickly after nucleation because the number of
growth sites on a crystal increases as it grows. In contrast, a
zig-zag ribbon has only two growth sites, regardless of its length,
so the nucleation transition is not sharp. Furthermore, nucle-

d

ba

c

Fig. 2. Tile sets for ZZ3–ZZ6 (a–d Upper) and AFM images of ZZ3–ZZ6 (a–d Lower). Ribbons sometimes rip during sample deposition, leaving ribbon fragments
stuck to the surface. [Scale bars: 500 nm (Left); 25 nm (Right).]

15238 ! www.pnas.org"cgi"doi"10.1073"pnas.0701467104 Schulman and Winfree
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the two origami carrying them are in a rotated orientation). The top two and bottom two examples 

in Figure II-9f demonstrate this phenomenon.  

 
Figure II-9. Examples of shape sequences and their partial bonds. (a) A 4-patch shape sequence could 

form a 4-patch bond between distinct origami, but because it is fully self-complementary (b) it also allows 

full-strength undesired bonds. (c) Another shape sequence and its complement could form a 4-patch bond, but 

(d) it also allows partially self-complementary 3-patch bonds (3/4 the strength of a full bond). (e) A shape 

sequence and its complement that we used between the A and B origami. (f) Examples of partially self-

complementary (homogeneous) bonds of strength 2 for the sequences in (e). (g) Examples of partial bonds of 

strength 1 between the two distinct origami (heterogeneous) for the sequences in (e). 

Early on in the project we thought we might achieve a large number of specific bonds 

through the use of a long (l=6 or l=9) shape sequences. Fitting these high complexity sequences into 

the relatively small area of an origami necessitated using patches that were just two helices wide. 

These proved too flexible to prevent bent-patch bonds (see the warning on “Length and width of a 

patch in shape design” in the Materials and Methods section) so we decided to use four-helix wide 

patches to implement shape codes. This restricted the length of the shape sequences we could use to 

just four patches; similarly we restricted ourselves to just three depths to avoid long, flexible 

patches. Fortunately, even with these restrictions, the candidate set for the mismatch constrain i=2 

had 16 elements, which we discuss next. 

II.2.2.2.3.1.2. Full list of candidate shape sequences for the (4,3,2) system 

Given the number of patches (p) and number of depths (d), our program searches the entire 
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Figure II-8. Recognition based on complementarity of origami edge shapes. (a) Models of four origami: A, 

B, C and D. Orange dots mark positions of dumbbell hairpin labels. (b) Test of self-interactions for each edge 

shape. Subscripts ‘r’ or ‘l’ denote the edge tested. AFM shows common partial self-bonds that result in 

aggregation. (c) Tests of complementary edge shapes. AFM shows correct, full bonds. (d) AFM images of the 

four-origami chain, A-B-C-D. (e) AFM image and schematic representation of a 3-patch bent-patch bond. 

Scale bars, 100 nm. 

II.2.2.2.2. Binding rules 

Again, abstract sequences representing bonds are defined, e.g., the shape sequence on the 

right side of origami A is ‘2201’. Shape sequences are not necessarily unique, e.g., ‘0101’=‘1212’. 

Again, stacking polarity ensures that a shape sequence is not, in general, equal to its reverse; 

stacking polarity further ensures that all sequences except ‘0000’, including palindromes such as 

‘0110’, are uniquely orienting. Complementarity for shape sequences is similar to that for DNA: a 

sequence n1n2n3n4 binds a reverse complement n4n3n2n1¯¯¯¯¯¯¯ where nk¯¯ = (d – nk – 1), e.g., ‘2201’ binds 

‘1200’. All shape-pair bonds with the same number of patches p have the same number of blunt-

end stacks, and so we assume they are roughly isoenergetic. 

II.2.2.2.3. Design 

II.2.2.2.3.1. Search process 

As before, we constructed shape codes by starting with candidate sets of shape pairs with 

minimal self-interaction. Candidate sets were parameterized by p, d, and the same mismatch 

constraint i. E.g., for (p, d, i)=(9, 5, 3), 24,791 possible shape sequences were found. However, we 

(Supplementary Note S2.2.2). Although p2 i¼ 2 for such shape pairs
is smaller than that for the binary sequences used above (p2 i¼ 3),
the absolute energy difference between a correct bond and a strongest
possible partial bond is larger for the shape pairs (8DGst versus 6DGst)
and so we expected the fraction of correct bonds could be higher
(ignoring the degeneracy of partial bonds or off-model interactions,
such as bent-patch bonds). Using the same mismatch constraint of
i¼ 2, we constructed maximal orthogonal sets of shape pairs exhaus-
tively. Maximal sets with four shape pairs were found; we tried a four-
shape-pair set and found that one of its shape pairs created numerous
bent-patch bonds. Other four-shape-pair sets included the offending
shape pair, or similar ones. Thus, the largest orthogonal set achieved
had three shape pairs (Fig. 3a).

Half of each shape pair was tested to measure its propensity for
self-interaction: single origami were synthesized with edge staples
only for the shape tested (Fig. 3b). When annealed from 90 8C to
20 8C without a complementary partner, such origami bind via
predicted two-patch partial bonds and often form extended
zigzags. Simply mixing complementary origami at 20 8C gives
poor results because they remain kinetically trapped in partial
bonds. Full four-patch bonds formed well (Fig. 3c) when comp-
lementary origami were annealed from 90 8C to 50 8C, mixed and
held at 50 8C for 12 hours, and then cooled to 20 8C over six
hours: the fraction of correct bonds was 95% for Arþ lB (N¼
191), 98% for Brþ lC (N¼ 203) and 97% for Crþ lD (N¼ 179)
and the rate of monomer conversion into correct dimers was 91%
for Arþ lB (N¼ 397), 90% for Brþ lC (N¼ 442) and 91% for
Crþ lD (N¼ 384). When all four complete origami were mixed
together and subjected to the same protocol (Fig. 3d), 81% of the
total bonds (N¼ 279) observed were correct bonds and the rate of
monomer conversion into correct four-origami chains was 44%
(N¼ 430). Again, bent-patch bonds not considered in the design
process were a significant source of error (Fig. 3e).

Control of cis–trans isomerism.We next show that stacking bonds
can be used to control complex geometric arrangements of origami
by exploring the multimerization of a 608 corner (Fig. 4). Such a

corner, with straight edges of the same stacking polarity, can self-
associate in two ways (Fig. 4a,f ): in cis via a 1208 rotation or in
trans via a 1808 rotation. With all-cis bonds the corner would
make triangles; with all-trans bonds the corner would make
zigzags. For all-‘1’ edges, a mixture of diastereomers results
(Fig. 4k,p) with a cis:trans ratio that mildly favours cis bonds
(68:32) and a relatively poor full-bond yield (53%, cisþ trans).
The question is, ‘How do we use binary or shape codes to achieve
high yields of a single diastereomer?’

Using an asymmetric sequence ‘11001111’ on one edge and its
reverse ‘11110011’ on the other specifies the creation of only cis
bonds (Fig. 4b,g). Indeed, a high cis:trans ratio of 98:2 and a cis
full-bond yield of 83% were observed. Conversely, use of two
orthogonal palindromic sequences, ‘01111110’ and ‘11100111’,
should create only trans bonds (Fig. 4c,h). A poorer cis:trans ratio
of 10:90 and a lower trans full-bond yield of 48% were observed.

Use of a simple centrosymmetric shape pair should create only
cis bonds (Fig. 4d,i); it results in a very high cis:trans ratio of
≫99:1 (with only a single trans bond among 727 bonds analysed)
and a cis full-bond yield of 79%. For such centrosymmetric shape
pairs, which isomer forms is specified entirely by the stacking
polarity, and so switching from cis to trans isomers requires the
addition of a polarity-reversing seam for one of the edges; here,
the trans bonds involve both a 1808 rotation and an additional
flip (Fig. 4e,j). The shape-coding approach resulted in a better
cis:trans ratio (4:96) than that for the corresponding trans-specify-
ing binary code, but gave a similarly low (48%) trans full-bond yield.

Given that similar binary sequences or identical shapes were used
for both cis- and trans-specifying systems, the performance of trans-
specifying systems was unexpected. We hypothesize that the lower
full-bond yield and poorer cis:trans ratio of trans-specifying
systems, as well as the cis preference for all-‘1’ bonds, are artefacts
of deposition. For triangles to fall apart two bonds must break, so
they may survive the deposition process better than zigzag chains,
which require only one bond break to fall apart. Further, the
absence of long zigzag chains and the observed patterns of
origami in trans-specifying experiments suggest that the origami
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Figure 3 | Recognition based on complementarity of origami edge shapes. a, Models of four origami, A, B, C and D. Orange dots mark positions of dumbbell
hairpin labels. b, Test of self-interactions for each edge shape. Subscripts ‘r’ and ‘l’ denote the edge tested. AFM images show common partial self-bonds
that result in aggregation. c, Tests of complementary edge shapes. AFM images show correct, full bonds. d, AFM images of the four-origami chain, A–B–C–D.
e, AFM image and schematic representation of a three-patch bent-patch bond. Scale bars: 100 nm.
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A complexity theory for self-assembly

The tile assembly model is 
intrinsically universal. 
Doty, Lutz,  Patitz, 
Schweller, Summers, 
Woods. FOCS 2012 

Intrinsic universality…requires 
cooperation. Meunier, Patitz, 
Summers, Theyssier, Winslow, 
Woods. SODA 2014 
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Figure 2. Classes of tile assembly systems, and their relationship with respect to simulation. There is an arrow from B to

A if A contains B with respect to simulation: that is for each tile assembly system B 2B there is a tile assembly system

AB 2A that simulates B. Dashed arrows denote containment, solid arrows denote strict containment and a self-loop

denotes the existence of an intrinsically universal tile set for a class and its omission implies that the existence of such

a tile set is an open problem. aTAM: abstract Tile Assembly Model (growth from a seed assembly by single tile addition

in 2D), ⌧ denotes “temperature”. 2HAM: Two-Handed Tile Assembly Model (assemblies of tiles stick together in 2D). A

2HAM temperature hierarchy is shown for some c2 {2, 3, 4, . . .} and, in fact, for each such c the set of temperatures

{ci|i2 {2, 3, . . .}} gives an infinite hierarchy of classes of strictly increasing simulation power in the 2HAM. Citations

proving the results are given in square brackets. Simulation results for a number of other models are described in the

main text.

the number of tile types needed to build finite or infinite shapes or patterns, and computational
complexity of verification of properties of tile assembly systems. See other surveys for more
details [17,44]. In this informal survey we forgo formal definitions and proofs, which can be found
in the cited literature.

2. Simulation and a result: The abstract Tile Assembly Model is
intrinsically universal

Intuitively, one self-assembly model simulates another if they grow the same structures, via the
same dynamical growth processes, possibly with some spatial scaling. In order to be a little more
precise let S and T be tile assembly systems of the abstract Tile Assembly Model described above.
S is said to simulate T if the following conditions hold: (1) each tile of T is represented by a m⇥m

block of tiles in S called a supertile, (2) the seed assembly of T is encoded in the seed assembly

c� The Author(s) Published by the Royal Society. All rights reserved.

3D temp 1 systems are Turing 
universal
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details [17,44]. In this informal survey we forgo formal definitions and proofs, which can be found
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2. Simulation and a result: The abstract Tile Assembly Model is
intrinsically universal

Intuitively, one self-assembly model simulates another if they grow the same structures, via the
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precise let S and T be tile assembly systems of the abstract Tile Assembly Model described above.
S is said to simulate T if the following conditions hold: (1) each tile of T is represented by a m⇥m
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c� The Author(s) Published by the Royal Society. All rights reserved.

3D temp 1 systems are Turing 
universal

One Tile to Rule Them All. 
Demaine, Demaine, Fekete, 
Patitz, Schweller, Winslow, 
Woods. ICALP 2014. 

The two-handed model is not 
intrinsically universal.  
Demaine, Patitz, Rogers, 
Schweller, Summers, Woods 
ICALP 2013

Intrinsic universality and  the 
computational power of self-
assembly.  Woods.  
Phil Trans Royal Soc. A. 2014
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http://nighthawk101stock.deviantart.com/
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Result 1: There is a single rotatable polygon that simulates all 
tile assembly systems
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Result 2: For each (e.g. Wang) plane tile system there is one 
rotatable polygon that simulates it

Demaine, Demaine, Fekete, Patitz, Schweller,  Winslow, Woods.  
One Tile to Rule Them All: Simulating Any Turing Machine, Tile 
Assembly System, or Tiling System with One Rotatable Puzzle 
Piece. ICALP 2014. 

Robinson’s 10-tile aperiodic tile set

http://www.ibr.cs.tu-bs.de/users/fekete/?lang=en
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Theorem: For each (Wang) plane tiling system there is one 
rotatable polygon that simulates it

Robinson’s 10-tile aperiodic tile set

Portion of a tiling of Robinson’s  
10-tile aperiodic square tile set 

(with rotations)

• Wang plane tiling system:  
- Try to fill the plane with tiles.  
- All sides must match.  
- We care about the existence of tilings, but not how we made the tiling  

Demaine, Demaine, Fekete, Patitz, Schweller,  Winslow, Woods.  
One Tile to Rule Them All: Simulating Any Turing Machine, Tile 
Assembly System, or Tiling System with One Rotatable Puzzle 
Piece. ICALP 2014. 

http://www.ibr.cs.tu-bs.de/users/fekete/?lang=en


Damien Woods

• For each set of (possibly rotatable, flipable) Wang square/hexagon tiles 
there is a single rotatable tile that simulates it

36

A rotatable polygon that simulates a tile set
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• For each set of (possibly rotatable, flipable) Wang square/hexagon tiles 
there is a single rotatable tile that simulates it
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A rotatable polygon that simulates a tile set
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Robinson’s 10-tile aperiodic tile set 
(complimentary matching constraint) 
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• For each set of (possibly rotatable, and/or flipable) square or hexagon tiles 
there is a single (rotatable, flipable) tile that simulates it

A rotatable polygon that simulates a tile set
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rotation 1 = t1 rotation 2 = t2
(other rotations may cause problems)

Robinson’s 10-tile aperiodic tile set 
(complimentary matching constraint) 
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• An aperiodic tile set with 1 tile! 
• Small gaps (< 1 tile in size) in the tilings 
• We have given a general method (a compiler) to convert any square/hexagon plane 

tiling tile set to a single tile that simulates it

1
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• An aperiodic tile set with 1 tile! 
• Small gaps in the tilings 
• We have given a general 

method (a compiler) to convert 
any square/hexagon plane 
tiling tile set to a single tile that 
simulates it

• Socolar–Taylor disconnected tile. 2012 
• Aperiodic 
• Rotations + flips

• Open question: Is there a single aperiodic connected 2D tile 
that makes gap-free tilings of the plane?

1 aperiodic tile 1 aperiodic tile
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But this is not (yet) magic dust

• Simulating tile assembly systems is significantly trickier than plane 
(Wang) tiling systems 

• We want to design a single rotatable, flipable tile that simulates any tile 
assembly system (Note that as a corollary this gives a single tile that 
simulates any algorithm) 

• Problem 1: 
• Strength tau glues on rotatable tiles => Argh! There’s pumpable junk 

everywhere! 
• Maybe we could find an intrinsically universal square tile set with strength < τ 

glues? No! Any such tile set with a finite seed can not leave the seed’s 
bounding box  

• Lets try hexagons!
40

A harder challenge: one tile for all of tile self-assembly
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Low strength hexes simulate high-strength squares

• Strength 1 or 0 hexagon glues, simulating strength 2, 1 or 0 square 
glues 

• Then we can simulate a set of low-strength hexagons with a single 
rotatable polygon 
• Bumps and dents to stop incorrect orientations and incorrect bindings 
• Glues are carefully rearranged on the polygon to allow “self seeding”  
• … 
• Many details omitted! 
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Construction overview
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One tile to simulate them all
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One tile to simulate them all

44

a
Seed d

f
e E

a

b
A

b

a
cB

c eC

d eD
i

F’
f

h

c dC’

F
f

g

The one

...

http://oscarfarellano.deviantart.com/

Intrinsically 
universal tile set



Damien Woods

Magic dust
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A complexity theory for self-assembly

The tile assembly model is 
intrinsically universal. 
Doty, Lutz,  Patitz, 
Schweller, Summers, 
Woods. FOCS 2012 

Intrinsic universality…requires 
cooperation. Meunier, Patitz, 
Summers, Theyssier, Winslow, 
Woods. SODA 2014 
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Figure 2. Classes of tile assembly systems, and their relationship with respect to simulation. There is an arrow from B to

A if A contains B with respect to simulation: that is for each tile assembly system B 2B there is a tile assembly system

AB 2A that simulates B. Dashed arrows denote containment, solid arrows denote strict containment and a self-loop

denotes the existence of an intrinsically universal tile set for a class and its omission implies that the existence of such

a tile set is an open problem. aTAM: abstract Tile Assembly Model (growth from a seed assembly by single tile addition

in 2D), ⌧ denotes “temperature”. 2HAM: Two-Handed Tile Assembly Model (assemblies of tiles stick together in 2D). A

2HAM temperature hierarchy is shown for some c2 {2, 3, 4, . . .} and, in fact, for each such c the set of temperatures

{ci|i2 {2, 3, . . .}} gives an infinite hierarchy of classes of strictly increasing simulation power in the 2HAM. Citations

proving the results are given in square brackets. Simulation results for a number of other models are described in the

main text.

the number of tile types needed to build finite or infinite shapes or patterns, and computational
complexity of verification of properties of tile assembly systems. See other surveys for more
details [17,44]. In this informal survey we forgo formal definitions and proofs, which can be found
in the cited literature.

2. Simulation and a result: The abstract Tile Assembly Model is
intrinsically universal

Intuitively, one self-assembly model simulates another if they grow the same structures, via the
same dynamical growth processes, possibly with some spatial scaling. In order to be a little more
precise let S and T be tile assembly systems of the abstract Tile Assembly Model described above.
S is said to simulate T if the following conditions hold: (1) each tile of T is represented by a m⇥m

block of tiles in S called a supertile, (2) the seed assembly of T is encoded in the seed assembly

c� The Author(s) Published by the Royal Society. All rights reserved.

3D temp 1 systems are Turing 
universal
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c� The Author(s) Published by the Royal Society. All rights reserved.

3D temp 1 systems are Turing 
universal

One Tile to Rule Them All. 
Demaine, Demaine, Fekete, 
Patitz, Schweller, Winslow, 
Woods. ICALP 2014. 

The two-handed model is not 
intrinsically universal.  
Demaine, Patitz, Rogers, 
Schweller, Summers, Woods 
ICALP 2013

Intrinsic universality and  the 
computational power of self-
assembly.  Woods.  
Phil Trans Royal Soc. A. 2014
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Open question: Probabilistically fair 
intrinsically universal tile set?
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• Monday (lecture 1). Some high-level motivations, basic algorithmic self-
assembly models (definitions) and very recent results on implementing 
algorithmic DNA nanotube circuits, a self-assembly model, in the wet-lab 

• Tuesday (lecture 2): DNA sequence design and results on the DNA nanotube 
circuit model 

• Wednesday (lecture 3). Complexity theory for self assembly.  

• Theorem: The (cooperative, temperature >= 2) abstract tile assembly 
model is intrinsic universal 

• Thursday (lecture 4). Complexity theory for self assembly.  

• Theorem: The noncooperative (temperature 1) abstract tile assembly 
model does not simulate the cooperative model 

Structure

50
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• Temperature 1 tile assembly systems:  
• Tile binds to an assembly if ≥ 1 side match 
• Snakes on a plane

Temperature 1 tile assembly
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Is temperature 1 computationally weak?

• It has been conjectured (since 2000) that temperature 1 systems are 
computationally “weak” 

• Some partial negative results: 
• Temperature 1 systems that build fully connected n x n squares require at least n2 tile 

types  
• Pumpable temperature 1 systems produce periodic structures 
• Temperature 1 with no mismatches require 2n-1 tile types to assemble an n x n square 

• Positive results: 
• 3D deterministic temperature 1 simulates Turing machines 
• 2D temperature 1 simulates Turing machine, but with some error 
• 2D temperature 1 can grow large(r than tile set size) structures

53

Doty, Patitz, Summers. TCS 2011 

Manuch, Stacho, Stoll. J Comp. Bio. 2010 

Rothemund, Winfree. STOC 2000 

Cook, Fu Schweller. SODA 2011 

Adleman et al FOCS 2002

Rothemund, Winfree. STOC 2000 

Meunier. In submission. 2015 

Binding on 1 side seems much weaker than binding on 2 sides … right?

On the blackboard: fully-connected square result
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• But can temperature 1 aTAM systems simulate cooperative tile 
assembly?  

• Answer: No!

On the blackboard: fully-connected square result
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Result
• Theorem 1. There is no tile set U, such that at temperature 1, U 

simulates all tile assembly systems. 

• Theorem 2. There is a 2D temperature 2 tile assembly system T that 
can not be simulated by any 2D, nor any 3D, temperature 1 tile 
assembly system.
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Temperature 1 can not simulate temperature 2
• We will show that no temperature 1 system simulates the following 

simple temperature 2 system
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Warm-up: two-seeded system
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On the blackboard: a much easier warm-up result
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Simulation definitions
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vertically adjacent to those supertile locations in S that represent non-empty tiles in T , some examples are
shown in Figure 4. Also, representation functions are necessarily monotonic in the sense that after a supertileDW: see tex

in S obtains an identity (maps to a non-empty tile in T ) the supertile can never change that identity, no
matter what future growth occurs within the supertile region. ======= ¿¿¿¿¿¿¿ .r182
Since a simulator supertile may need to grow to some critical size8 before deciding which tile from T it

should represent, the representation function permits non-empty supertiles in S to map to empty locations
in T , and we call such growth fuzz. Fuzz is restricted to being in supertile locations that are horizontally or
vertically adjacent to those supertile locations in S that represent non-empty tiles in T , some examples are
shown in Figure 4. It should be noted that representation functions are necessarily monotonic in the sense
that after a supertile in S obtains an identity (is mapped by the representation function to a non-empty tile
in T ) the supertile can never change that identity, no matter what future growth occurs within the supertile
region.
We say that an individual tile set is intrinsically universal of a class of tile assembly systems if it is capable

of simulating any tile assembly system from that class. The simulating tile set must receive some form of
input (the seed assembly) which is used to describe the system to be simulated, and then from just that
input the simulating system must proceed with its simulation as described above. To realize this, there must
exist a single intrinsically universal tile set, plus functions that map any system to be simulated to (1) a
scale factor m 2 N, (2) a representation function which interprets assemblies of the simulator (via m ⇥ m
supertiles) as assemblies of the simulated system, and (3) a seed assembly for the simulator.

3.1. Simulation definitions

Here we provide the formal definitions related to what it means for a TAS to “simulate” another TAS.
Since the preliminary version of this paper [Doty et al. 2012], there have been a number of improvements on
simulation definitions for self-assembly, notably [Meunier et al. 2014], and the definitions below are equivalent
to but easier to parse than [Meunier et al. 2014].

Let S be a tile set, and let m 2 Z+ be a positive integer called the scale factor. An m-block supertile, or
supertile, over S is a partial function ↵ : Z2

m

99K S, where Z
m

= {0, 1, . . . ,m � 1}. For a given m and S,
let BS

m

be the set of all m-block supertiles over S. The m-block supertile that is undefined on all of Z2
m

is
said to be empty. For an arbitrary assembly ↵ : Z2 99K T and (x0, x1) 2 Z2, define ↵m

x

0

,x

1

to be the m-block
supertile defined by ↵m

x

0

,x

1

(i0, i1) = ↵(mx0 + i0,mx1 + i1) for 0  i0, i1 < m. For tile sets S and T , a partial
function R : BS

m

99K T is said to be a valid m-block supertile representation from S to T if for any ↵,� 2 BS

m

such that ↵ v � and ↵ 2 dom R, then R(↵) = R(�).
For a given valid m-block supertile representation function R from tile set U to tile set T , define the

assembly representation function9 R⇤ : AU ! AT such that R⇤(↵0) = ↵ if and only if for all (x0, x1) 2 Z2,
R
�
↵0m
x

0

,x

1

�
= ↵(x0, x1) and for all non-empty m-block supertiles ↵0m

x

0

,x

1

it is the case that (x0, x1)+(u0, u1) 2
dom ↵ for some u0, u1 2 Z2 such that u2

0 + u2
1  1. In other words, ↵0 may have tiles on supertiles (blocks)

representing empty space in ↵, but only if that position is adjacent to a tile in ↵. We call such growth
“around the edges” of ↵0 fuzz and thus restrict it to be contained within supertiles that are horizontally or
vertically immediately adjacent to valid supertiles only, and not diagonally adjacent (i.e. we do not permit
diagonal fuzz ).

In the following definitions, let T = (T,�T , ⌧T ) and U = (U,�U , ⌧U ) be aTAM tile assembly systems, and
for some scale factor m 2 Z+, let R be an m-block representation function R : BU

m

! T .

3.1.1. Simulation. In this section we define what it means for one system to simulate another, a kind of
equivalence between tile assembly systems, defined via their dynamics. The notion of equivalent dynamics,
defined below via follows and models, is used to assert that, modulo the application of the representation
function, the simulator behaves in exactly the same way as the system it is simulating, with all (scaled)
assembly sequences mapping to equivalent assembly sequences in the simulated system, and vice versa.

Definition 3.1 (T follows U). We say that T follows U (under R) if for all ↵0,�0 2 A[U ] where ↵0 !U �0,
it is the case that R⇤(↵0) !T R⇤(�0), and ↵0 2 A2[U ] =) R⇤(↵0) 2 A2[T ].

8In our construction such growth occurs when a growing supertile is gathering information from adjacent supertiles, and
computing its identity. Intuitively it can be considered as “work in progress” towards making a decision.
9Note that R⇤ is a total function since every assembly of U represents some assembly of T ; the functions R and ↵ are partial
to allow undefined points to represent empty space.

10

Follows:In other words, T follows U if, for every assembly ↵0 which can grow into �0 in U , ↵0 maps to an assembly
in T which can continue to grow in T into an assembly which �0 maps to, and terminal assemblies in U
are terminal in T . Definition 3.1 implies that for all �0 2 A[U ] it is the case that R⇤(�0) 2 A[T ]. To see
this apply Definition 3.1 where ↵0 = �

U

is the seed of U , and �0 = �0. Note that the final condition about
terminal assemblies allows Definition 3.4 below to reason only about fuzz-free supertiles.
Let A[U ]fuzz-free ✓ A[U ] denote the set of producible simulator assemblies that have no fuzz supertiles,

i.e., such that the only m⇥m supertile � such that R(�) is undefined is the empty supertile.

Definition 3.2 (nicely fuzzy). We say that U is nicely fuzzy with respect to T if for all ↵00 2 A[U ] there
exists ↵0 2 A[U ]fuzz-free such that ↵0 !U ↵00, where R⇤(↵00) = R⇤(↵0) = ↵ 2 AT .

Definition 3.3 (U models T ). We say that U models T (under R) if U is nicely fuzzy and for all ↵ 2 A[T ]
and for all ↵0 2 A[U ]fuzz-free such that for all � where ↵ !T �, there exists �0 2 A[U ]fuzz-free such that
↵0 !U �0, where R⇤(↵0) = ↵ and R⇤(�0) = �.

Definition 3.4 (U models T ). We say that U = (U,�U , ⌧U ) models T = (T,�T , ⌧T ) (under R) if:

(1) U is nicely fuzzy with respect to T , and
(2) R⇤(�U ) = �T , and
(3) for all ↵,� 2 A[T ] such that ↵ !T � it is the case that for all ↵0 2 A[U ]fuzz-free where R⇤(↵0) = ↵, there

exists �0 2 A[U ]fuzz-free such that ↵0 !U �0 and R⇤(�0) = �.

Definition 3.4 essentially specifies that when U simulates an assembly ↵ 2 A[T ], there must be at least
one valid growth path in U , that intuitively goes via minimally fuzzy supertiles, for each of the possible next
steps in T from ↵. Any such growth path has perfect dynamics in the sense that the fuzz-free supertiles along
that path can grow into the representation of anything that ↵ can grow into. DD: DD: add a

lot more text
explaining the
intuition behind
this definition,
e.g., what are
the roles of each
of the require-
ments, what goes
wrong if we don’t
have them, etc.

DW: Yes, good
idea. However, I
think we should
do it below
n a separate
subsection. It
will be easier
to read if the
subsection with
the simulation
defs is as short
as possible. I’ve
come to really
like the idea of
having a separate
“discussion
of simulation
defs” subsection,
which by its very
existence will
emphasise that
our finding of
these defs was a
project in itself.

The “nicely fuzzy” condition in Definition 3.2 ensures that any other growth paths are, intuitively, not
that far from having perfect dynamics.

Definition 3.5. We say that U simulates T (under R) if T follows U (under R) and U models T (under R).

In other words U simulates T if both have equivalent dynamics.

3.1.2. Intrinsic universality. Intuitively, a tile set which is intrinsically universal for a class of tile assembly
systems can be configured with an appropriate seed assembly to simulate any system in that class. We
define this next. Let REPR denote the set of all supertile representation functions (i.e., m-block supertile
representation functions for some m 2 Z+). Let C be a class of tile assembly systems, and let U be a tile set.10

Definition 3.6. We say U is intrinsically universal for C if there are functions R : C ! REPR and
S : C ! AU

<1, and ⌧ 0 2 Z+ such that, for each T = (T,�, ⌧) 2 C by letting R = R(T ) (and hence choosing
some scale factor m 2 Z+), �T = S(T ) and UT = (U,�T , ⌧

0), UT simulates T using supertile representation
function R and at scale m.

That is, R maps T to a representation function that interprets, at scale m, assemblies of UT as assemblies
of T , and S maps T to a seed assembly over tiles from U that represents the seed assembly of T .

3.2. Discussion of simulation definitions

3.2.1. Simulation implies reachability equivalence: Dynamics implies production. Our definition of simulation is in
terms of dynamics (follows and models). A more static definition, somewhat analogous to the notion of
reachability equivalence [?] merely requires that both systems have equivalent production (under R) and
is given as Definition 3.7. In previous papers [Doty et al. 2009a; ?; ?] simulation has been defined as the DW: cite the rel-

evant aTAM pa-
pers.conjunction of equivalent productions and equivalent dynamics, but Lemma 3.8 below shows that for our

definitions requiring equivalent production is redundant in the sense that it is already implied by dynamics
(follows and models) via a straightforward proof.

Definition 3.7. We say that U and T have equivalent productions (under R) if {R⇤(↵0) | ↵0 2 A[U ]} =
A[T ] and {R⇤(↵0) | ↵0 2 A2[U ]} = A2[T ].

Lemma 3.8. If T follows U under R and U models T under R, then U and T have equivalent productions
under R.

10TAS’s having tile set U are not necessarily elements of C, although this will be true for our main result, Theorem 4.1, since
there C is the set of all TAS’s. We also remark that every element of the sets C, REPR, and AU

<1 is a finite object.
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In other words, T follows U if, for every assembly ↵0 which can grow into �0 in U , ↵0 maps to an assembly
in T which can continue to grow in T into an assembly which �0 maps to, and terminal assemblies in U
are terminal in T . Definition 3.1 implies that for all �0 2 A[U ] it is the case that R⇤(�0) 2 A[T ]. To see
this apply Definition 3.1 where ↵0 = �

U

is the seed of U , and �0 = �0. Note that the final condition about
terminal assemblies allows Definition 3.4 below to reason only about fuzz-free supertiles.
Let A[U ]fuzz-free ✓ A[U ] denote the set of producible simulator assemblies that have no fuzz supertiles,

i.e., such that the only m⇥m supertile � such that R(�) is undefined is the empty supertile.

Definition 3.2 (nicely fuzzy). We say that U is nicely fuzzy with respect to T if for all ↵00 2 A[U ] there
exists ↵0 2 A[U ]fuzz-free such that ↵0 !U ↵00, where R⇤(↵00) = R⇤(↵0) = ↵ 2 AT .

Definition 3.3 (U models T ). We say that U models T (under R) if U is nicely fuzzy and for all ↵ 2 A[T ]
and for all ↵0 2 A[U ]fuzz-free such that for all � where ↵ !T �, there exists �0 2 A[U ]fuzz-free such that
↵0 !U �0, where R⇤(↵0) = ↵ and R⇤(�0) = �.

Definition 3.4 (U models T ). We say that U = (U,�U , ⌧U ) models T = (T,�T , ⌧T ) (under R) if:

(1) U is nicely fuzzy with respect to T , and
(2) R⇤(�U ) = �T , and
(3) for all ↵,� 2 A[T ] such that ↵ !T � it is the case that for all ↵0 2 A[U ]fuzz-free where R⇤(↵0) = ↵, there

exists �0 2 A[U ]fuzz-free such that ↵0 !U �0 and R⇤(�0) = �.

Definition 3.4 essentially specifies that when U simulates an assembly ↵ 2 A[T ], there must be at least
one valid growth path in U , that intuitively goes via minimally fuzzy supertiles, for each of the possible next
steps in T from ↵. Any such growth path has perfect dynamics in the sense that the fuzz-free supertiles along
that path can grow into the representation of anything that ↵ can grow into. DD: DD: add a

lot more text
explaining the
intuition behind
this definition,
e.g., what are
the roles of each
of the require-
ments, what goes
wrong if we don’t
have them, etc.

DW: Yes, good
idea. However, I
think we should
do it below
n a separate
subsection. It
will be easier
to read if the
subsection with
the simulation
defs is as short
as possible. I’ve
come to really
like the idea of
having a separate
“discussion
of simulation
defs” subsection,
which by its very
existence will
emphasise that
our finding of
these defs was a
project in itself.

The “nicely fuzzy” condition in Definition 3.2 ensures that any other growth paths are, intuitively, not
that far from having perfect dynamics.

Definition 3.5. We say that U simulates T (under R) if T follows U (under R) and U models T (under R).

In other words U simulates T if both have equivalent dynamics.

3.1.2. Intrinsic universality. Intuitively, a tile set which is intrinsically universal for a class of tile assembly
systems can be configured with an appropriate seed assembly to simulate any system in that class. We
define this next. Let REPR denote the set of all supertile representation functions (i.e., m-block supertile
representation functions for some m 2 Z+). Let C be a class of tile assembly systems, and let U be a tile set.10

Definition 3.6. We say U is intrinsically universal for C if there are functions R : C ! REPR and
S : C ! AU

<1, and ⌧ 0 2 Z+ such that, for each T = (T,�, ⌧) 2 C by letting R = R(T ) (and hence choosing
some scale factor m 2 Z+), �T = S(T ) and UT = (U,�T , ⌧

0), UT simulates T using supertile representation
function R and at scale m.

That is, R maps T to a representation function that interprets, at scale m, assemblies of UT as assemblies
of T , and S maps T to a seed assembly over tiles from U that represents the seed assembly of T .

3.2. Discussion of simulation definitions

3.2.1. Simulation implies reachability equivalence: Dynamics implies production. Our definition of simulation is in
terms of dynamics (follows and models). A more static definition, somewhat analogous to the notion of
reachability equivalence [?] merely requires that both systems have equivalent production (under R) and
is given as Definition 3.7. In previous papers [Doty et al. 2009a; ?; ?] simulation has been defined as the DW: cite the rel-

evant aTAM pa-
pers.conjunction of equivalent productions and equivalent dynamics, but Lemma 3.8 below shows that for our

definitions requiring equivalent production is redundant in the sense that it is already implied by dynamics
(follows and models) via a straightforward proof.

Definition 3.7. We say that U and T have equivalent productions (under R) if {R⇤(↵0) | ↵0 2 A[U ]} =
A[T ] and {R⇤(↵0) | ↵0 2 A2[U ]} = A2[T ].

Lemma 3.8. If T follows U under R and U models T under R, then U and T have equivalent productions
under R.

10TAS’s having tile set U are not necessarily elements of C, although this will be true for our main result, Theorem 4.1, since
there C is the set of all TAS’s. We also remark that every element of the sets C, REPR, and AU

<1 is a finite object.
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Models:

In other words, T follows U if, for every assembly ↵0 which can grow into �0 in U , ↵0 maps to an assembly
in T which can continue to grow in T into an assembly which �0 maps to, and terminal assemblies in U
are terminal in T . Definition 3.1 implies that for all �0 2 A[U ] it is the case that R⇤(�0) 2 A[T ]. To see
this apply Definition 3.1 where ↵0 = �

U

is the seed of U , and �0 = �0. Note that the final condition about
terminal assemblies allows Definition 3.4 below to reason only about fuzz-free supertiles.
Let A[U ]fuzz-free ✓ A[U ] denote the set of producible simulator assemblies that have no fuzz supertiles,

i.e., such that the only m⇥m supertile � such that R(�) is undefined is the empty supertile.

Definition 3.2 (nicely fuzzy). We say that U is nicely fuzzy with respect to T if for all ↵00 2 A[U ] there
exists ↵0 2 A[U ]fuzz-free such that ↵0 !U ↵00, where R⇤(↵00) = R⇤(↵0) = ↵ 2 AT .

Definition 3.3 (U models T ). We say that U models T (under R) if U is nicely fuzzy and for all ↵ 2 A[T ]
and for all ↵0 2 A[U ]fuzz-free such that for all � where ↵ !T �, there exists �0 2 A[U ]fuzz-free such that
↵0 !U �0, where R⇤(↵0) = ↵ and R⇤(�0) = �.

Definition 3.4 (U models T ). We say that U = (U,�U , ⌧U ) models T = (T,�T , ⌧T ) (under R) if:

(1) U is nicely fuzzy with respect to T , and
(2) R⇤(�U ) = �T , and
(3) for all ↵,� 2 A[T ] such that ↵ !T � it is the case that for all ↵0 2 A[U ]fuzz-free where R⇤(↵0) = ↵, there

exists �0 2 A[U ]fuzz-free such that ↵0 !U �0 and R⇤(�0) = �.

Definition 3.4 essentially specifies that when U simulates an assembly ↵ 2 A[T ], there must be at least
one valid growth path in U , that intuitively goes via minimally fuzzy supertiles, for each of the possible next
steps in T from ↵. Any such growth path has perfect dynamics in the sense that the fuzz-free supertiles along
that path can grow into the representation of anything that ↵ can grow into. DD: DD: add a

lot more text
explaining the
intuition behind
this definition,
e.g., what are
the roles of each
of the require-
ments, what goes
wrong if we don’t
have them, etc.

DW: Yes, good
idea. However, I
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the simulation
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“discussion
of simulation
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existence will
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our finding of
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The “nicely fuzzy” condition in Definition 3.2 ensures that any other growth paths are, intuitively, not
that far from having perfect dynamics.

Definition 3.5. We say that U simulates T (under R) if T follows U (under R) and U models T (under R).

In other words U simulates T if both have equivalent dynamics.

3.1.2. Intrinsic universality. Intuitively, a tile set which is intrinsically universal for a class of tile assembly
systems can be configured with an appropriate seed assembly to simulate any system in that class. We
define this next. Let REPR denote the set of all supertile representation functions (i.e., m-block supertile
representation functions for some m 2 Z+). Let C be a class of tile assembly systems, and let U be a tile set.10

Definition 3.6. We say U is intrinsically universal for C if there are functions R : C ! REPR and
S : C ! AU

<1, and ⌧ 0 2 Z+ such that, for each T = (T,�, ⌧) 2 C by letting R = R(T ) (and hence choosing
some scale factor m 2 Z+), �T = S(T ) and UT = (U,�T , ⌧

0), UT simulates T using supertile representation
function R and at scale m.

That is, R maps T to a representation function that interprets, at scale m, assemblies of UT as assemblies
of T , and S maps T to a seed assembly over tiles from U that represents the seed assembly of T .

3.2. Discussion of simulation definitions

3.2.1. Simulation implies reachability equivalence: Dynamics implies production. Our definition of simulation is in
terms of dynamics (follows and models). A more static definition, somewhat analogous to the notion of
reachability equivalence [?] merely requires that both systems have equivalent production (under R) and
is given as Definition 3.7. In previous papers [Doty et al. 2009a; ?; ?] simulation has been defined as the DW: cite the rel-

evant aTAM pa-
pers.conjunction of equivalent productions and equivalent dynamics, but Lemma 3.8 below shows that for our

definitions requiring equivalent production is redundant in the sense that it is already implied by dynamics
(follows and models) via a straightforward proof.

Definition 3.7. We say that U and T have equivalent productions (under R) if {R⇤(↵0) | ↵0 2 A[U ]} =
A[T ] and {R⇤(↵0) | ↵0 2 A2[U ]} = A2[T ].

Lemma 3.8. If T follows U under R and U models T under R, then U and T have equivalent productions
under R.

10TAS’s having tile set U are not necessarily elements of C, although this will be true for our main result, Theorem 4.1, since
there C is the set of all TAS’s. We also remark that every element of the sets C, REPR, and AU

<1 is a finite object.
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Simulates:
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Temperature 1 is not IU for the aTAM
• First we prove a simple and general pumping lemma for tile assembly 

at any temperature (the window movie lemma) 
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• We then use this 
pumping lemma to “fool” 
any claimed temperature 
1 simulator into exposing  
its inability to simulate  
cooperation



Damien Woods

• There are simple temperature 2 systems that can not be simulated by 
any temperature 1 system 

• First fully-general negative result on temperature 1 (i.e. no restrictions 
on the model) 

• This negative result holds in 2D and 3D 
• Recall: Deterministic 3D temperature 1 systems can simulate Turing machines! 
• So these Turing-universal (powerful!) tile assembly systems can not simulate 

tile assembly 

• Turing universal algorithmic behaviour in self-assembly provably does 
not imply the ability to simulate arbitrary algorithmic self-assembly 
processes. Temp 1 3D can compute, but can’t handle geometry 

• The proof had almost zero “temperature 1 craziness” 
• Ongoing work: with Pierre-Étienne Meunier, & by Damien Regnault and Pierre-

Étienne Meunier towards showing other negative results on temperature 1
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Temperature 1 is not IU for the aTAM
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