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It’s not about DNA, It’s all about Pizza
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Energy models, Minimum Free Energy and Partition Function
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Single stranded system

Energy model
 

Capture the free energy
 of secondary structure

MFE =  min
𝑆∈Ω

Δ𝐺 𝑆
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Minimum Free Energy

Energy models, Minimum Free Energy and Partition Function



Δ𝐺 𝑆 = 

𝑙 ∈ 𝑆

Δ𝐺(𝑙)
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Energy model: Loop model

min
𝑆∈Ω

Δ𝐺(𝑆)

𝛀: the set of all secondary structures

c = 3 strands

Δ𝐺 𝑆 = 

𝑙

Δ𝐺(𝑙) + (𝑐 − 1) Δ𝐺assoc

unique strands 



Δ𝐺 𝑆 =  

𝑙∈𝑆

Δ𝐺 𝑙 + 𝑐 − 1 ∗ ∆𝐺assoc + 𝑘𝐵𝑇 ∗ 𝑙𝑜𝑔𝑅

Free energy Loop energy Entropic association cost Symmetry penalty

5

− + +

1 2 4

Energy model: Loop model (allowing repeats) 

min
𝑆∈Ω

Δ𝐺(𝑆)

𝛀: the set of all connected structures
𝐑: degree of rotational symmetry 

c= 𝟒 strands



Computational complexity of Minimum Free Energy algorithms

𝑁 bases, 𝑐 strands 
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Input Type MFE

Single Strand 𝑂(𝑁3)

Multiple unique Strands, Bounded (≤ c) 𝑂 𝑁3 c − 1 !

Multiple Strands allowing repeats, Bounded (≤ c) ?
Multiple Strands, Unbounded 𝑁𝑃 − Complete



Computational complexity of Minimum Free Energy algorithms

𝑁 bases, 𝑐 strands 

Open problem for ≈ 𝟐𝟎 years
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Input Type MFE

Single Strand (Loop model) 𝑂(𝑁3)

Multiple unique Strands, Bounded (≤ c) 𝑂 𝑁3 c − 1 !

Multiple Strands, Bounded (≤ c) ?

Why symmetry makes it difficult?
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All of these are dynamic programming algorithms
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Global property

Big problem

Local point of view
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Input Type MFE

Single Strand (Loop model) 𝑂(𝑁3)

Multiple unique Strands, Bounded (≤ c) 𝑂 𝑁3 c − 1 !

Multiple Strands, Bounded (≤ c) ?

Possible approach

𝑁 bases, 𝑐 strands 
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Δ𝐺′ 𝑆 = 

𝑙

Δ𝐺(𝑙) + (𝑐 − 1) Δ𝐺assoc

Ignore symmetry
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Let’s ignore the symmetry for a while
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𝟏
 MFE is asymmetric
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Our solution
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𝑺𝒙

𝑺𝒚

Symmetric 

Symmetric 

Asymmetric 
𝑺𝒛𝐗 𝑺𝒙 and 𝑺𝒚

Admissible cut 

+

Upper bound

Adjusting the backtracking algorithm to 
go through energy levels sequentially 

starting from the MFE level.
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Computational complexity of Minimum Free Energy algorithms

𝑁 bases, 𝑐 strands 
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Input Type MFE

Single Strand (Loop model) 𝑂(𝑁3)

Multiple unique Strands, Bounded (≤ c) 𝑂 𝑁3 c − 1 !

Multiple Strands, Bounded (≤ c) 𝐎 𝑵𝟒 𝐜 − 𝟏 !

Multiple Strands, Unbounded 𝑁𝑃 − Complete



Thanks

dna.hamilton.ie/shalaby
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http://dna.hamilton.ie
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